. In this paper, we show that C p (X) has a countable cs * -network at 0 iff X is countable. As applications we obtain (1) C p (X) has the strong Pytkeev property introduced by Tsaban and Zdomskyy iff X is countable; (2) C p (X) is an ℵ-space iff X is countable. Relating to the strong Pytkeev property, we study function spaces C p (X) and C k (X) with property (#).
Preliminaries
In this paper all topological spaces are Tychonoff. We denote by R the space of real numbers with the usual topology. The letter N is the set of natural numbers.
For a space X , we denote by C p (X) (C k 
where each K i is a non-empty compact subset of X and each U i is a non-empty open subset of R. The family of the form
where K is a non-empty compact subset of X and n ∈ N, is an open neighborhood base at 0. Both C p (X) and C k (X) are topological groups.
2. C p (X) with a countable cs * -network at 0 Definition 2.1. Let P be a family of subsets of a space X . Then P is a cs-network at a point x ∈ X [1] if whenever {x n } n∈ω is a convergent sequence to x and U is a neighborhood of x, there are k ∈ ω and P ∈ P such that {x} ∪ {x n : n k} ⊂ P ⊂ U .
Similarly P is a cs * -network at a point x ∈ X [1] if whenever {x n } n∈ω is a convergent sequence to x and U is a neighborhood of x, there are an infinite A ⊂ ω and P ∈ P such that {x} ∪ {x n : n ∈ A} ⊂ P ⊂ U .
Obviously each cs-network at x is a cs * -network at x. The notions of a cs-network and a cs * -network for a space were first introduced by Guthrie [3] and Gao [4] , respectively.
The following is noted in [1, Proposition 1. (2) Proof. Let S be a convergent sequence to x and U be a neighborhood of x. Enumerate {P ∈ P:
Then we can inductively take points x n ∈ S, n ∈ ω, such that x n / ∈ P 0 ∪ · · · ∪ P n . This is a contradiction. 2
The following is the main result of this paper. The proof is given after a series of lemmas below. Proof. Let P = {P n : n ∈ ω} be a countable cs * -network at 0 in C p (X). By Lemma 2.2, we may assume that P is a cs-
For each n ∈ ω, let X n be the set of isolated points of the subspace X \ G n of X .
We show that {X n } n∈ω is a cover of X . Let x ∈ X . Since {x} is a G δ -set of X , there are a sequence {C n } n∈ω of cozero-sets of X and a sequence {Z n } n∈ω of zero-sets of X such that C n ⊃ Z n ⊃ C n+1 (n ∈ ω) and {x} = n∈ω C n = n∈ω Z n . For each n ∈ ω, let f n : X → [0, 1] be a continuous function with the following:
Obviously { f n } n∈ω is a sequence converging to 0 and contained in the neighborhood [x; (−1,
)] and (b) f n ∈ P k for all but finitely many n ∈ ω. The condition (a) implies x ∈ X \ G k . The
, ∞) ∈ G k for all but finitely many n ∈ ω, hence there is l ∈ ω with n l f −1
Observe the following holds: 
The class of κ-Fréchet-Urysohn spaces is much wider than the class of Fréchet-Urysohn spaces, see [6] .
Definition 2.7.
A family {A n } n∈ω of subsets of a space X is strongly point-finite [14] if for each n ∈ ω, there is an open set U n of X such that A n ⊂ U n and {U n } n∈ω is point-finite. A space X has property (κ ) [14] if each pairwise disjoint sequence of finite subsets of X has a strongly point-finite subsequence. [14] .) For a space X , C p (X) is κ-Fréchet-Urysohn iff X has property (κ).
Theorem 2.8. (See
Definition 2.9. A family U of subsets of a set X is an ω-cover of X [2] if each finite subset of X is contained in some member of U . A family {U n : n ∈ ω} of subsets of a set X is a γ -cover of X [2] if for each point x ∈ X , x ∈ U n for all but finitely many n ∈ ω.
Definition 2.10.
A space X is said to have the Menger property [5] if for each sequence {U n } n∈ω of open covers of X there is a sequence {V n } n∈ω such that each V n ⊂ U n is finite and n∈ω V n is a cover of X .
Lemma 2.11. If C p (X) has a countable cs
Proof. First we show the following claim.
Claim. Each countable ω-cover of X consisting of clopen sets contains a γ -cover.
Let U = {U n } n∈ω be a countable ω-cover of X consisting of clopen sets. For each x ∈ X let I x = {n ∈ ω: x ∈ U n }. We define a function ϕ : X → {0, 1} ω as follows: ϕ(x) = χ I x , where χ I x is the characteristic function on I x . Since ϕ is continuous, by Corollary 2.5 ϕ(X) is countable. For each n ∈ ω, let V n = {χ I x : x ∈ X, n ∈ I x }. Using that U is an ω-cover of X , we can easily see that {V n : n ∈ ω} is an ω-cover of ϕ(X). Let ϕ(X) = {r n } n∈ω . For each n ∈ ω, take k n ∈ ω with {r 0 , . . . , r n } ⊂ V k n . Then {U k n : n ∈ ω} is a γ -cover of X . Now we show that X has property (κ ). Let {F n } n∈ω be a pairwise disjoint sequence of finite sets of X . Our space X is zero-dimensional by Corollary 2.5. Let c X be a zero-dimensional compactification of X . The family {c X \ F n } n∈ω is an open ω-cover of c X. Since a compact space has the Menger property, by [13, Lemma 7] there is an ω-cover
Temporally we use the following notion.
The following can be proved by the same idea as in [12] .
Proof. Let e be the unit element of G. For a decreasing open family {O n } n∈ω of G, let e ∈ n∈ω O n . If G is discrete, our conclusion is trivially true. Assume G is non-discrete. Then there is a sequence {h n } n∈ω in G \ {e} converging to e. For each
The set V is open in G and we can easily see e ∈ V . Since G is κ-Fréchet-Urysohn, there is a sequence in V converging to e.
Hence we can take a convergent sequence {p n } n∈ω and a strictly increasing sequence {k n } n∈ω such that Proof. Let P be a countable cs * -network at x. Without loss of generality, we may assume that each member of P is closed in X and contains x. Let U be an open neighborhood of x. Enumerate {P ∈ P:
then there are x n ∈ O n , n ∈ ω, converging to x. But for each n ∈ ω, P n ∩ {x n } n∈ω is finite. This is a contradiction. Thus there is n ∈ ω such that x / ∈ O n . In other words, x is in the interior of P 0 ∪ · · · ∪ P n . This completes the proof. 2
Proof of Theorem 2.3. Assume that C p (X) has a countable cs * -network at 0, by Lemmas 2.11 and 2.13 C p (X) is strongly κ-Fréchet-Urysohn at 0. By Lemma 2.14, 0 has a countable neighborhood base. It is known that C p (X) is first-countable iff X is countable, for instance see [9] . Thus X is countable.
The converse is trivial. 2
We give some applications of our theorem. Definition 2.15. For a space X and x ∈ X , X has the strong Pytkeev property at x [17] if there is a countable family N of subsets of X , such that for each neighborhood U of x and each A ⊂ X with x ∈ A \ A, there is N ∈ N such that N ⊂ U and N ∩ A is infinite. A space X has the strong Pytkeev property if it has the strong Pytkeev property at each point of X .
Each first-countable space has the strong Pytkeev property. Let S ω be the sequential fan. It is the space obtained by identifying the limits of countably many convergent sequences. The sequential fan has both the Fréchet-Urysohn property and the strong Pytkeev property, but it is not first-countable.
Assume a space X has the strong Pytkeev property at x ∈ X , then there is a countable family N of subsets of X , such that for each neighborhood U of x and each A ⊂ X with x ∈ A \ A, there is N ∈ N such that N ⊂ U and N ∩ A is infinite. Obviously the family {{x} ∪ N: N ∈ N } is a countable cs * -network at x. Hence we have the following.
Corollary 2.16. For a space X , C p (X) has the strong Pytkeev property iff X is countable.
In [17] Tsaban and Zdomskyy proposed to find an uncountable space X such that C p (X) has the strong Pytkeev property.
Because if we found such a space, then we could obtain a counterexample to Question 3 in [13] (or Problem 4.7 in [15] ). But such a space X does not exist by the corollary above.
In contrast with the corollary above, Tsaban and Zdomskyy proved in [17] that C k (P), where P is the space of irrational numbers, has the strong Pytkeev property. McCoy proved in [8, Proposition 7] that: if X is first-countable and C k (X) is Fréchet-Urysohn, then X is locally compact. Therefore C k (P) is not even Fréchet-Urysohn. Definition 2.17. A family P of subsets of a space X is a k-network for X if for each compact set K ⊂ X and an open set U of X with K ⊂ U , there is a finite subfamily Q ⊂ P such that K ⊂ Q ⊂ U . A space is an ℵ 0 -space [10] if it has a countable k-network. A space is an ℵ-space [11] if it has a σ -locally finite k-network.
The notion of a k-network plays an important role in the field of generalized metric spaces. For instance, a space is the quotient image of a separable metric space iff it is both a k-space and an ℵ 0 -space [10] .
Corollary 2.18. For a space X , the following are equivalent.
(1) X is countable;
) C p (X) has a point-countable k-network consisting of closed sets.
Proof. The implications (1) → (2) → (3) → (4) are trivial.
(4) → (1): Let P be a point-countable k-network consisting of closed sets for C p (X). Then easily we can see {P ∈ P: 0 ∈ P } is a countable cs * -network at 0. By Theorem 2.3, X is countable. 2
The equivalence of (1) and (2) above was proved by Michael [10] by way of several arguments on function spaces with the compact-open topology. Remark 2.19. A family {A α : α ∈ I} of subsets of a space X is said to be hereditarily closure-preserving if {cl B α : α ∈ J } = cl( {B α : α ∈ J }), whenever J ⊂ I and B α ⊂ A α for each α ∈ J . Each locally finite family is hereditarily closure-preserving. It is proved in [7] that a topological group with a σ -hereditarily closure-preserving k-network is an ℵ-space. Therefore, by Corollary 2.18, if C p (X) has a σ -hereditarily closure-preserving k-network, then X is countable.
A supplement on the strong Pytkeev property
Definition 3.1. For a space X and x ∈ X , X has property (#) at x if for each open family {O n } n∈ω of X with x ∈ n∈ω O n there are finite sets F n ⊂ O n , n ∈ ω, such that x ∈ n∈ω F n .
The following can be proved by the same argument as Lemma 2.14.
Lemma 3.2. Let X be a space and x ∈ X . If X has both the strong Pytkeev property at x and property (#) at x, then the point x has a countable neighborhood base.
As mentioned in the previous section, C k (P) has the strong Pytkeev property, but it is not first-countable (not even Fréchet-Urysohn). Hence C k (P) does not have property (#) at 0 by Lemma 3.2.
In this section we study property (#) of C k (X).
Definition 3.3.
A family A of non-empty subsets of a space X is moving off [9] if for each compact set K ⊂ X , there is A ∈ A with K ∩ A = ∅. A family A of non-empty subsets of a space X is strongly moving off [16] In the original definition of McCoy and Ntantu, a moving off family consists of compact sets. But, in this paper a moving off family may contain non-compact sets.
We partly use the ideas in [14] and [16] to show the theorems below.
Theorem 3.4. For a space X , the following are equivalent.
(1) C k (X) has property (#) at 0.
(2) For each sequence {K n : n ∈ ω} of moving off families of compact subsets of X , there are finite subfamilies F n ⊂ K n , n ∈ ω, such that n∈ω F n is strongly moving off.
Proof.
(1) → (2): Let {K n : n ∈ ω} be a sequence of moving off families of compact subsets of X . For each n ∈ ω, define an open set O n of C k (X) as follows:
Since each K n is moving off, 0 ∈ n∈ω O n . Take finite subsets F n ⊂ O n , n ∈ ω, with 0 ∈ n∈ω F n . For each n ∈ ω and f ∈ F n , take
off. Indeed for an arbitrary compact subset K of X , consider the open neighborhood [K ; (−1, 1)] of 0. We can take a point
Let g j : X → R, j ∈ ω, be continuous functions satisfying:
Then g j ∈ O n j , j ∈ ω and they converge to 0 uniformly.
By the observation in the previous paragraph, without loss of generality, we may assume ∅ / ∈ K n for each n ∈ N. Each K n is moving off. Indeed for a given compact Proof. Let c X be a compactification of X . The family {c X \ F n } n∈ω is an open ω-cover of c X. Since a compact space has the Menger property, by [13, Lemma 7] there is an ω-cover {K n } n∈ω of closed sets of c X such that 
Each B( f ; n) is non-empty, because 0 / ∈ O n .
We inductively define a sequence { f n } n∈ω with f n ∈ O n , n ∈ ω, as follows. By Lemma 3.7, there is an open family {U n } n∈ω of X such that C n ⊂ U n , n ∈ ω, and for each finite subset F of X there is n ∈ ω with F ∩ U n = ∅. Note that {n ∈ ω: F ∩ U n = ∅} is infinite. We may assume that each U n satisfies U n ∩ (D n ∪ A( f n ; n)) = ∅. For each n ∈ ω, take an open set V n of X with D n ⊂ V n and V n ∩ (U n ∪ A( f n ; n)) = ∅. Let g n : X → R, n ∈ ω, be continuous functions satisfying:
Moreover let h n : X → R, n ∈ ω, be continuous functions satisfying:
We can easily see g n + h n ∈ N( f n ; n) ⊂ O n , n ∈ ω.
We show 0 ∈ {g n + h n } n∈ω . Let [F ; (− 
